
interint : will emot

4 This semester

Final 75 %

assignments 25 %

Pleas take these seriously
· OK to do as a group (Mughe with

up alre
· Decre of you work as a group
(please !)
· Presentation matters (spend time or

this 10% -20 % >

Please
will scan Your

work to le lila

Reading (Recommended)-

· Hungerford "Algebra" , (Chapters 1 + 2)

· Dummit and Foote "Algebra"
· Luto note (loosely inspiring the module

by Stefan Bergluft-Sals







· (m = 0, . . .,
m + 13

with operation nK-n + K (mod m)

This
group is Abelian

,
is (mEIN)

(n, k) = (K
,
n) & Kind Im

For Abelian
grous ↓

the operation ]
-

typically deno tech n
+ 4
n

+k = ( +4) modern

Example-
· I

, Q ,
1 ,
& under addition

(consider the symmets· Symmetry grou
Eringlewes a regula

-

3 Let Fothe
conter clockwise⑰

1200

1200

2
Let~ be the reflection

I - along the indicated axis

21
The symmet group

is written w
3

ihedral↳W youp) and consists of 6 elements





















Note

We can think of the actionof y EG en asa functi
g:x - > X

via x
#>

yx

This functio g : x -X no bijectur

A

(g) og)(x)
= g(y(x))
= (j /y)(x)
= e

=

X

(yog)(x) =

x ↳

hea group actuaa

p
: G ->Sym(x) = 58 : x-x/b bigsten

p(yg) = p(y, )0p(y))











































Kolleg
[NaCH) : H] = [G : H] mod p,

1

normaliser

where It is a p-group and H = G,
16 I not necesarily a p-group

enter

S -T
↑

*
-

cont largest N⑧
H H

~-
-- st H = N

,
NEG---EXel It=

--I - Nc(H+) = Ey +G/y(ty+ =Ht3
-

GLetIt out as /H =X ly
left multiplication Then

-

Xo
= Ex + )hxH =

= H Fu = H3











Example

( =/Sp) = 23. 3

=2

&O ichsubgroupof order p = /
1 21 :

R

on element of order 2 : /2)
Take the sulgrap

<(12)) = 5(12), e3

For 22 = 4 .
First find the normales

of Ee, <1233 = H

Nsp(Ht) = G
+
(12) = Eid,(12), (4) , (2),

(34)3 =

44

Consider NspkiyIt = [idH,
(34)H3

those element of orde 2 in NstlyIt
namely (34)H,

H = (4)Ht)





Theorem (Sylen #)
Let If be a p-subgroup unch
P be

cry sylem p-subgrap f G

Then there exists get st

g(ty1 = p

Lulule
IfIt is sylow posubgroup them

gity P

and lghty) = /

= > gHyl
= P

undgla pasubgras a

Pof

LetItcut on

P

(x) = [G :P] = =m
to = EgP/hyp = gO V helS

















Let 12) =

py for primes pa

#f gt p- => Gi allion,

6 = Ipz = [p = Is

If g/p + => either 6 o whelices
or G =K

, where

k = (x ,y) , (x) =

g , (4) =

p

F so IN st

SEI mod p

35 = I mod p , xyxt
=y

To prove K exist -> defer to later (freegrops)

No

Any these conditions results
in

thym
same grog





Clim d = I modp-

roof 88 =

e
,

b
-2

= e

a
=

exe
= f -ab" = 19 ((ab+)y

z-

= 18 (ad)y-z-1)

= 82
- 2

(badf
+ ) f
( - 2)

Cbail")=nt)(bab") ...Cali)( = (ad)" = wid"factors

=13-(ad")12 = (
... ) = als

=> a
= ad

+
=>d = /mod p-al

This shews that the number of d-

salsfging bal" = and Ein G salutin

d = Imadp,
d =modp





Let a
,

=
a ,
b

,

=At

want : S
,

a
, l i as-

check : 1
,

4
,
1

,

+
= f+abt = adt =

a

S

S
=

a
,

Recall

(a : l =

p ,
16

.
1 =

g (t,g) = 1 as Octing

=> G = (a
,,
b)->k = (xy)
al - y

I
1

,
1x

↓
No

,
I

,

"
=

a,
S

xyx
- 1 =yS

Empls
Let (2) = 41 =

7 . 13

Is 7113-1 ? hope

=> G = 27 + 23
=

24



m
If IC) = 2- p / 4 a prime p>

=> 2/p - -

= G =K (K as before)

Nate that 6 = 2,
o G = S

Every non-Abelian groups of order zip
must be Dap

Frattenis argument

Theorems

FetP he a sylar p-subgroup
and

DCH "G . The G = N()H

Af
() The set of Syla p-sulgrapes

(fe p , (P)
= pt) in G

agrees with



the set of Sylo-p-subgrays in H

Af

Egig3 = shar p-subgrap in G

gPg = gHg" = I as Pet

=> yigti a subgrap of It , in

fut a syla p-subgroups ofI

EUPh"3 = the set of Sylar
a subgroups in H

gHg1 :hiht , F g

=>hgeNa()
= hig =

n

z
= hn hel

,
nE NaP)

= nhl

T
= NaN)H

H G









nitin
A perfect grou is a grou Gst

G = [6,G]

rat halA perfect abelie ((
any
non-line

greyes

F
[Sy , Sp] =

(1) Explicit calculation

(2) [S4,S470S4

=> candidates are An, K+

syn
: Sp -> Z













































Since G is finite this series must
S

-terminate in G
,
w

C
:
(G) = C

,
is G is nilpotent

Theorem

Let H
,
K be vilpotent then

G = 1= k is silpotent

o
Let the ASC he

[e3 = (
, (k) =

.
. .

< (4) = K

&e3 = <
, (k) =..

.
-

= (u(H) = H

Assume men

C (H =k) = C(H) = C
, (k)

o (By induction
(

,
(H xk) = C

, () + c
, (k)

Let (h
, k)e((H =)



(n ,
k)(z,y) = (h+, ky) V (xy) H =4

(
,y)(4 , k) = (xh

, yk)
Sime (h,

k) = ((H =k) = > (hx, ky) = (h ,yk)
=>hx = xh k = H E heC

,
(t)

KyiyK Fyk > K =< (k)

Assume 2 (H xk) = <(+) = <
:(k)

-

It +>
)

=YouC
f

#

1+ x kFiH)=()Er
8)(hC,

KC) = (h,k) (Citt) = (i(k))

&

im n
= 00( , in]





























Preetin

If It chark ,
Khor G

=> I char G

Recall

(2) &gE) = yegt of an autemorphism

Ag :G G
, geG

Linne autemorphism)

FF(H) = It for all inner automorphism
HG -

(1) It Char G => 1 = G

(3) If HChr K ,
KEG => H = G

(4) If G is finite => G'chor G

Pol
(2) Let A chark

,
KchorG

Tothew H charG , need to shew





SenecProduct

&Recall thata the intenat
direct product o thee exists
H

,
K = G such that

() G = HK (E) (2) =H Ik1]

(2) Ank = e

En particular
H

hthHrk => Whhik" =
e

un

EK 5) hk = Kh

t elements in I and K commute

Note of we relax the condition
H

,
k = G to merely require are

of them to be normal , to sy

N = G
,
HEG

st NH = G
, N-H = Les

the we find the following examples































Freegrays
Let S be a Clinito) set

-I

Siare justsymbols
S = Es

, Se ,
... sah and here toalgebraic

properties

Define S" = ESi, Si, .... 3

Definitio

Let T he a set
-

Let T = Etc3 he

a word in T (a / is- a finito
sequence of elements is T

,
w

w
= tatas ... tan 110 widn] -> /

Fit

T =(a
,
b

,
c
. . ., 2

,
A

,
B
, . .

.,
23

w
= alphabet

m
: [8] -> T

11a 5 +
a

21 l 61f

3 +
p 71-e

41-> h 8 +>t

-



Fu

T = Ex
, y3

w
=

xy =zy x xy 10] : = 0
(n] ==( , . . . .,

n3
inition

he length of a word W: (n> -> -

is Iwl =
n

Inter

The empte word is w
: 0-> +

Definition-

Let W be a word in Sust
.

We
say

-that w is reduced of a content no

subwerds of formss o Sts
L
whee a

sutward w of w i a sequence

(k] =- Srs
+

such that w'(i) = w(Keil

for some K and all 1 = = /rl













· F((+,y3)y-
= 2 +2

= EN,
xN

, yN, xyN3

xNyNaN = (NaN) yN = yN
Il

xy +N =
+ 1

= write xyxyt = product of squares

Cty this ?

· F((x3) = 2

Il

El , , ,

xii

· Subgraps of free groups we free (Hord)

· If IS/ > 2 then FIS) contus
S

subgroups of any alitary finite runk









~ F(3)
,

soKer n free ,
Ker Q
with

Yer = F(r)

for R a set of words in F(S)

Let Ker = normal closure of R
-

intersection of all
normal subgrays conting R

Define a groy presentation as

G =

(S(k)-V relate
gesenten

were a

Nir
normal closure

Empe
G = (x( +xx

.. .x) = (x(x )
-

length n











Step

6 -> Do using previous there

2

(6) = 8 A
2

-
3

(1) @ : Ea,
b -> Di

a 1900 Rot = (1234)

b 1 - Slip is (13)

We need to check

: F(s) -> On of

(ut) = [ (e) = E(lat)" =
e

(2) We will draw a graph

bu

eT
a

an ->
w
-> an

↑ ↑

br-
wN = Fs) = G

N





















f(ii) = f((i)(1 ; )(li)) = (; 8:)

f s injecte so contradiction

We proved that of assist assiris then
the 1st 2 cycles are deject

= Casiins In) = f(k)
contralists injecting
=

Asi,j3
=

agains

and our original claim no proven

Lasttime

Thereerts a,,
dist

f((i) = ( (i)V1 i = n

toConsumption : o mys temposition (-Inspositio

uim : A o inner







If nEG they

(2)FN) Check ta

If n
=6 there

# transpositions = # of product of 3 Empos.

=> all autemphisms f Su (nF6) mus
-

mp mposition to trnspositions
=>allautemorphisms are inner

-

Cloples complete graph on 5 vertices

Complete groph on i vertices· I but to colour the use
st each color forms a

Scycle of length , such that

· all edge we colored
· ech edzes has only I color














